ONLINE TECHNICAL APPENDIX FOR “BROWSE OR EXPERIENCE”

SPECIFICS OF CONSUMER LEARNING:
1. Learning about Attributes:

In the interpretation of consumer learning while owning or not owning the product, we
can consider that consumers are leaning about attributes of equal importance in each instant
in time, with the overall utility being the sum of the deviation to the mean of each attribute’s
contribution. See Branco, Sun, and Villas-Boas (2012) as an example. When not owning
the product the expected flow utility if the consumer were to buy the product is the sum of
the deviation to the mean of each of the known attribute’s contribution. When owning the
product the experienced flow utility is also assumed to be the sum of the deviation to the
mean of each of the known attribute’s contribution. This is consistent with the idea that
when experiencing a product, the consumer does not learn perfectly the flow utility that can
be obtained with that productH If the consumer learns more attributes per unit of time

when owning than when not owning the product, we have s*> > o2
Consider T as the mass of attributes. The main text presents the case of T" — oo.

Alternatively, we could have T distributed exponentially with parameter ¢, with the
consumers not knowing 7. In that case, if the consumer does not own the product and

information on all the number of attributes has been obtained, the consumer gets a present

z—AP
r

value of utilities W (z) = max|0, |. If the consumer owns the product all information

on all attributes have been obtained, the consumer gets a present value of utilities of
max|0, z] + AWrp(z)

Vi(a) = RS ST, (1)

When the consumer owns the product and x > T and the consumer has not yet checked

all attributes, we have that (??) is replaced with

V(r) = xdt+e (1 —dt) Ndt{E[V(x +dx)] — P} + (1 = Ndt)E[V (x + dz)]]
e "M dt (NdtWr(z) + (1 — Ndt)Vp(z)] . (2)

When the consumer owns the product and = € (0,7), we have that (3) and (4) in the

! Alternatively, we could consider that the experienced utility is only fully realized after the consumer
leaves the market permanently.



paper are replaced with

V(z) = max[0,zdt] +e "1 —pdt)[\dtW (z) + (1 — Xdt)EV (z + dx)]
+e "M dt\ dtWp(x) + (1 — Xdt) V()] (3)

We can then conduct the analysis as in the main text and obtain the (stationary) threshold
T, which is now a function of 1 as well. The case presented in the main text is the case in

which ¢ — 0.

2. Signals of Product Value:

Consider an alternative model, where the true value of the product, Z, evolves over time,

as
dz; = GdW, (4)

where W, is a Wiener process. The decision maker observes a noisy signal Sy at time ¢,

which follows

Sy =, + 35V, (5)
or
dS? = d7, + 3dV (6)

where V; is a Wiener process. That is, the signal is only on the change of 7.

For simplicity, assume that Zy is known. Then we have 7; ~ N (Zy,0°t), and noise

S# — 7y ~ N(0,5%t). The posterior mean ; is

2+ 5
_ o?%t st
Ty = 1 1 (7)
o2t 52t
o2 ~2
S ~ o
= o =T+ 5—=N 8
Frel Er e (®)

Because S¥ ~ N (7, 5%t) and Ty ~ N(Zo, 0%t), we have X7 ~ N (T, (6% + 5°)t). Thus

E[(z; — %0)?] = ;Wt (9)

so x; evolves with a constant variance that is decreasing in 52. With infinite noise, x; does
not update, and with no noise, z; updates with variance 2, which is intuitive.

If 52 is variance of the noise when not owning the product, and 5, is the variance of



the noise when owning the product, we can then obtain the representation as in the main
text with o2 = % and s% = 525—;% Note that a more informative signal leads to a higher
variance on z;. If the consumer gets more information when owning the product than not

owning the product, or 5, < 5,, then we have s? > o2

Still another variation could be the case in which the true value x can take only two values,
{—1,1}, and both search and experience leads to a continuous evolution of the consumer
belief about whether the consumer is facing the good or bad product. Although tractable,

such a model leads to a more complex analysis than the one presented in the main text.

DERIVATION OF 7T IN THE CASE OF T > 0 :

From the differential equation on W(x), and using lim,_, ., W(z) = 0, one obtains
W (z) = Ayet® (10)

where p = \/2r/0?, and A; is a constant to be determined

Using Itd’s Lemma in (2) in the paper one obtains rV (z) = x — AP + V”(x)%. Note that
lim, o[V (z) — (x — AP)/r] = 0, as when the current utility goes to infinity, the consumer
is always buying the product when it breaks down, which generates an expected utility of
(x — AP)/r. Using this when solving the differential equation on V(x), one obtains

x— AP

V(z) = Age™F 4 o (11)

where 1 = \/2r/s?, and A, is a constant to be determined.

Using It6’s Lemma on (3) in the paper, and solving the resulting differential equation,
this yields

~ ~ ~ X )\Al
V() = Age™ 4 Aye™
(z) 3¢+ Aue +r+)\+r(1—32/02)+)\6

where i = /2(r + \)/s?, and A3 and A, are constants to be determined.

" (12)

Similarly, from (4) in the paper, and using the fact that the expected utility when owning
the product goes to zero when the current utility of using the product approaches negative
infinity, one obtains

~ 5 AA
V(z) = Ase® + :

r(l1—s?/0?) + )\ew’ (13)

ZNote that the general solution of the differential equation rW (z) = W” (z) %2 is W(z) = Ayel®+Ajere,

where A; and g1 are constants. The condition lim,_,_ ., W (z) = 0 then yields Zl = 0. Similar derivations
are also used in the remainder of the paper when appropriate.



where As is a constant to be determined.

Value matching and smooth pasting at both Z and 0, W(z) = V(z) — P,W'(z) =
V/(7), V() = V(@),V'(T) = V'(Z),V(0*) = V(07), and V'(07) = V'(0") yields

_ A T— AP
AT = 2 TTAP (14)
X r
Ay 1
AX - —_—— - 15
A b +r (15)
A5 - A3+A4 (16)
1
As — — = A;— A 17
> w(r+A) ’ 4 (17)
Ay, T—M\P ~ Ay T A X
XjL r 3 +X+r+)\+r(1—32/02)+)\ (18)
/.AL/AQ 1 ~ S /./ZA4 1 /J)\Aly
— 24D = OAX — 19
X +7’ Hes X +7“—{—)\—1—7"(1—32/02)—1-)\ (19)

where X = e“f,)? = ¢ and X = e, We can then solve - for Ay, Ay, As, Ay, As,

and 7.

From and we can obtain

— @ T-AP I 1
AxX=HF 7 - M _py —. (20)
ptpr pt+p o r(p+np)

From and we can obtain

1
— . 21
20(r + A) (21)
Using ((14)) and (18]) we can obtain
A% = axtUo) L p A T 22)
T = 52/02) + X AN

Using then (15)), (20), (2I), and in we can then obtain (5) in the paper, which
determines 7.
DERIVATION OF Z IN THE CASE OF T < 0 :

Let W (z) be the expected present value of payoffs for the consumer if the consumer does

not own the product and is getting information on the product, x < T < 0. Let V(z) be the



expected present value of payoffs for the consumer if the consumer owns the product and
xr>7T. Let 17(3:) be the expected value of payoffs for the consumer if the consumer owns the

product and x < 7.

When the consumer does not own the product and is searching for information we can

obtain that the evolution of W (z) is characterized by
W(z) =e "“E[W (z + dz)]. (23)
Using It6’s Lemma, we can get rW(z) = W”(a:)”—;, from which we can obtain
W (z) = Dyet® 4+ Dye (24)

where . = \/2r/o? and D; and D are constants to be determined. Note that lim,_, .. W(z) =

0, so we obtain lN)l =0.

When the consumer owns the product and x > 0, we have that the expected present

value of consumer payoffs has to satisfy

V(z) =adt+ e "M NA{E[V (x + dv)] — P} +e "1 — XNdt)E[V (z + dz)] (25)

2

Using It6’s Lemma, this reduces to 7V (z) = z — AP + V"(x)%. Solving this differential

equation one obtains
~ - = r— AP
V(z) = Dee!™ 4+ Dye ™ + , (26)
r

where 1 = \/2r/s?, and Dy and D, are constants to be determined. Note that lim, ., V(x)—
(z — AP)/r] = 0. We then have that Dy = 0.

Consider now that the consumer owns the product and * < x < 0. In this region, the
consumer would not use the product, but would repurchase if the product breaks down. The

expected present value of consumer payoffs has to satisfy
V(z) = e "M Ndt{E[V (x + dx)] — P} + e "1 — Ndt)E[V (z + dz)). (27)
Using It0’s Lemma, and solving the resulting differential equation, this yields
~ A
V(z) = D3e"* + Dye " — =P, (28)
r

where 11 = \/2r/s%, and D3 and D, are constants to be determined.



Finally, for the case of x < T, the expected present value of consumer payoffs has to

satisfy

V(z) = e "UNdtW (z) + e "1 — Ndt)EV (z + dx) (29)

which yields
17(93) — Dsef™ 4 Dee P 4 AD, et
g > r(1—s2/02)+ A

° (30)

where Dy and 55 are constants to be determined. Noting that lim, . ‘7(55) = 0, we obtain
D5 = 0.

Value matching and smooth pasting at both T and 0, W(z) = V(z) — P,W/(z) =
V'(@),V(T) = V(2),V'(T) = V'), V(0T) = V(07), and V'(0") = V'(07) yields

_ ~ D AP
DX = DsX+—=—-""—P (31)
X r
- .~ _D,
ubD1 X = pDsX — ,u7 (32)
~ Dy MNP ~ AD; X
D X4+ ——— = DX 33
3 +X r g +r(1—32/a2)+>\ (33)
> Dy Lo M AD X
S O A e Gy N (34
Ds+D, = D, (35)
1
D3;—Dy = —Dy+— (36)
Tt

where X = e“f,)? = e and X = . We can then solve — for Dy, Dy, D3, Dy, Ds,

and 7.

From and we can obtain

1
Dy = —— 37
5= o7 (37)
From (31)) and (33]) we can obtain
1 — 2 2 . .
rl=5/9) pX_Dp.X+P (38)

r(1—s2/02)+ A



Using and we can obtain

r(l —s?/0?)
r(1—s2/02)+ A

Combining and , we get

DX = ED;X (39)
I

_ - 1 /g2
px=pt_rl=s/o) (40)
g—pur(l—s?/c?)+ A
From (31)) and we can obtain
— | - oA
DX = x - 2ATTp (41)
r(p+n ptpor
Combining and we get the closed-form solution for T as in (7) in the paper:
T ~ p+a r(l—s?/o%)

M = Plu(A = 42
‘ il +T)+r'uu—ur(1—32/a2)+)\ (42)

DERIVATION OF THE EXPECTED DISCOUNT FACTOR UNTIL THE NEXT PURCHASE:

_ A
A

differential equation, yields

Using lim, élv(x) and [t6’s Lemma in (14) in the paper, and solving the resulting

d(z) = Bie ** + pu (43)
where we recall that i = \/m , and B is a constant to be determined.
From (15) in the paper we can obtain the differential equation
(r+ A)o(z) = Ae @) 4 S;Zi“(x). (44)

Note that as x — —o0, the expected discount factor until the next purchase approaches zero.
Using this when solving the differential equation yields

~ - A
_ Bl
o) = Bae™ + A+7r(l—s2/0?)

e M), (45)

where B, is a constant to be determined.
Value matching and smooth pasting at Z, 0(z+) = 6(z~) and &' (z") = &'(z~), yields B,
and B, below, which fully determines 4(z), and therefore T'(z).



Ael® 1—p/hi 1
B, = - 4
! 2 |:>\+T(1—S2/02) )\+r] (46)
B e~ H® 1 L+ p/p
By = 5 [/\Jrr N (L= 52/0) (47)

DERIVATION OF THE EXPECTED NUMBER OF PURCHASES:

Let N(x) be the expected number of units purchased going forward given that the con-
sumer starts at * < T and the consumer does not own the product. We have that N(z)

evolves over time as

N(z) = (1 - Bdt)EN(z + dz). (48)

Note that lim, , o, N(x) = 0, as the number of expected purchases going forward approaches
zero, when the current utility of owning/using the product goes to negative infinity. Using
this when solving for yields

N(z) = Cye™ (49)

where 7 = /25/02, and C ia a constant to be determined.

Let N () be the expected number of future units purchased over time given that the
consumer owns the product. As the consumer purchases the product immediately if the

consumer does not own the product and x = 7, we have

N(@) =1+ N(z). (50)
For 2 > T the evolution of N(z) over time has to satisfy

N(z) = Adt[1 + N(2)] + (1 — Xdt — Bdt)EN (z + dz). (51)
Note also that lim, . N(z) = A/S. To see this, we can obtain that the expected duration
of the consumer in the market is 1/, and the expected duration of the product is 1/A\.
Then, if the consumer always repurchased the product when it broke down, the consumer
would make on “average” \/f purchases going forward. As the current utiliy of owning the
product approaches infinity, the consumer behaves as if always repurchasing the product

when it breaks down, and therefore the expected number of purchases going forward, N (x)



approaches A/f3. Using this, when solving for , yields

~ = A
N(m) = Cge*”‘” + E, (52)
where 17 = /203/s%. and Cy is a constant to be determined.
Consider now the evolution of N (x) for x < Z. This yields
N(z) = Adt N(z) + (1 = Adt — Bdt)EN (z + dz). (53)
By Ito’s Lemma, this can be written as

Note that lim,_, -, N(z) = 0 as when the current utility = of owning the product approaches
negative infinity, the consumer is expected not to make any more purchases going forward.
Using this when solving for yields

~ A

N(z) = Cse™ + G e 82/02>e"x, (55)

where 77 = /2(5 + A)/s?, and Cj is a constant to be determined.

The value matching and smooth pasting conditions at & presented in the text yield

Cy A -~ — A

—+- = Y +(CY 56
Y + /8 3 + 1 )\_'_/3(1 —82/0'2) ( )
T2 = oY 0¥ A (57)

where Y = €™, Y = ¢ and Y = ¢, Using , , and we can obtain C1, Cy, and

Cs as a function of T

Using in both and we can solve for C’g/f/ to obtain

Ca is?/o* —n(A+ B)/B

T ~B(1—s2/02 ~/ A —52 /02
D o W S

. (58)
+1

3Note that we do not have smooth pasting at Z between N (z) and N (z) as there is no optimality decision
on the derivation of these functions. Note also that the smooth pasting condition for N(z) at T is not an
optimality condition, but it is rather due to the infinite variation of the Brownian motion.

9



Using we can then obtain (21) in the paper.

PROOF OF PROPOSITION 3:

The comparative statics for the expected number of purchases going forward immediately
after a purchase can be directly obtained from evaluating (22) in the paper at Z, N(%). The

comparative statics for A and g are straightforward. To get the comparative statics with
respect to the ratio s?/0?, let € = y/s%/0? and w = /1 + A\/B. Using (21) in the paper we

can obtain
2 /2(55;%) _w? i_g
(59)
B( ?) /(5+>\)+>\+,316 /23 /28
32 02

Multiplying the second term in the right hand side of (59)) on the numerator and denominator
by 4 /% and then by (w — 1), we can then obtain, using (18) in the paper,

N(@) = w* +

-, w(w — 1)(e* — we)
N@) =w —1+1_€2+<w_1)(1+5)’

(60)

where the derivative to ¢ is negative.

The comparative statics with respect to 3,7, and P, of the expected number of purchases
going forward after an initial current utility of z < Z can be directly obtained by differen-
tiating (22) in the paper. The comparative statics with respect to s> = ¢ and A require a

little more analysis.

Consider first the comparative statics with respect to s = 02. We can obtain:

ON (z) on _ T
80'2 02232 N 80'2 (:L‘ B x) T]wo?:ﬁ N(x) <61)

As both %@ —7) and 77%&:52 are positive, we can see that the size of |x — Z| determines

the sign of mav(f)

,2» Which is positive (negative) is X is low (high) enough.

o2=

Consider now the comparative statics with respect to A. We can obtain

ON(z) _ 1 o) |1 1/ 8 )_ o=
w2 [5 <1+2\//\+5> ”aA]’ (62)

which is negative if 3 is not too low.

DERIVATION OF G(z) AND G(z):

10



We have that G(z) evolves over time as
G(r) = e ""EG(x + dx), (63)
which yields
G(z) = C1e!™ + Cye ™ (64)

where C} and Cy are constants to be determined. As lim, , ., G(z) = 0, we have Cy = 0.

Let é(:v) be the discounted number of future units purchased over time given that the
consumer owns the product. As the consumer purchases the product immediately if the

consumer does not own the product and x = 7, we have
G(T) =1+ G(T). (65)
For 2 > T the evolution of G(z) over time has to satisfy
G(z) = Mdt[1 + G(2)] + (1 = Adt)e " "EG(z + dz), (66)

which yields

= A
G(l’) = C’ge“m + C4€_Mm + ;, (67)

where C3 and C, are constants to be determined. As lim,_, é(x) = \/r, we have C3 = 0.

Consider now the evolution of G (x) for x < T. This yields
G(z) = At G(z) + (1 — Adt)e "*EG(z + dx). (68)

By Ito’s Lemma, this can be written as

(r+NG(x) = \Cre"” + gé”(a:), (69)

which yields \
G(z) = Cse"® + Coe M + (4 g 82/02)6““, (70)

where C5 and (g are constants to be determined. As lim,_,_ G (x) =0, we have C = 0.

Using value matching and smooth pasting at T for G(z), G(z") = G(z~) and G'(z1) =

11



G'(T7), yields

04 A -~ — A
X+r SRE A+7r(l—s%/0?) (1)
S oS e A (72)
St S et s Wy oy
Using , , and we can obtain (', Cy, and Cj as a function of fﬁ
Using in both and we can solve for 04/)2 to obtain
% _ //’282/0-2 - Iu()\ + T)/T (73)
X ﬁw + ﬁ(%) +u

Using we can then obtain (23) in the paper.

PrROOF OF PROPOSITION 4:

Given the presentation in the text, we have the characterization of the equilibrium as
a function of xy. To see that T is increasing in z( for xqg > x** we can see that the right
hand side of (31) in the paper is decreasing in T and increasing in xy. To see that T < x, for
xo > & we can just obtain that the total differentiation of (31) in the paper with respect
to xg and 7 yields (;9—2 < 1.

For the comparative statics with respect to A,r, and ¢? (under the constraint s? = o?)

let us consider each region of x( separately.

For xy < z*, note that we can write (27) in the paper as

A~

X-1/1 1
T— (;+—):0 (74)
X \i np

The derivative of the left hand side with respect to T can be obtained to be 1 —a/(e®* — 1),
after using (27) in the paper, where a = Z. We can then obtain that that derivative is
positive for a > 0. Taking the derivative of the left hand side of with respect to 1 we
can obtain that it has the same sign of (e — 1)? — a?¢e®, which is positive for a > 0. Then,

as [1 is increasing in A we can obtain % < 0.

4Note that we do not have smooth pasting at T between G(z) and G(x) as there is no optimality decision
on the derivation of these functions. Similarly to the case of N (z) above, note also that the smooth pasting
condition for é(m) at T is not an optimality condition, but it is rather due to the infinite variation of the
Brownian motion.

12



The derivative of the left hand side of with respect to r is equal to the derivative

with respect to A, which we saw was positive, plus %%g—’: > 0, which then yields g—f < 0.

The derivative of the left hand side of with respect to o under the constraint o2 = s?
is composed with two terms, one though iz and the other through u, where both are negative
(the first one has the opposite sign of the derivative with respect to A\ and the second is
X1 0u 0). This then yields 2% , > 0.

X w2 9o 002 |s2=c
For the case when s? # 0% we can obtain from equation (5) in the paper

0T

= X(r+\) L-A

X—-1—-AX

where A = %_T and we can then obtain the optimal price using (24) in the
paper as R R
p_ 1 AX—l—AX' (76)
pA+r) X 1-A
As in the case of s> = ¢ we can then obtain the equivalent to by using in (5) in

the paper:

~

X—-1/1 1 11
T— —= (;+—)—A(E——+:)=O, (77)
X \pp R

Denoting the first two terms of as ¢12(s?) we have

~

012 :_X—l—/iﬁ(l"‘ﬁ/ﬂ) (78)
0s? 282;7)? 7

R—1-pE(+a/m)
_ X
of i with respect to s* is —zz. Denoting the third term of as ¢3(s?) we can obtain

as the derivative of the first two terms with respect to j is , and the derivative

06 _ A — p)(r + N7
s~ oAl + )

(79)

when it is evaluated at s> = o2, given that s*/0? — 1 = 0 when s? = ¢°.

When s? = 02 we have from the above analysis of that the left hand side of is

13



increasing in 7. Adding 88(@122 and %, and using (27) in the paper, we can obtain

sin {271 - Sign{)?—l—muﬁ/m ﬁ(ﬁ—u)(rwf}

052 2X O Ae+n)

- Sign{A()?—U—Am(H TtA>—(r+A)<1+ T1A> (1—
TH)(??—D} (80)

when evaluated at s* = 02, which is negative as (r+\)(14++/(r + A)/r)(1—/r/(r + X)) > \.
To check the effect on P we can use in (6) in the paper to obtain

(81)

. 1
P:x(HHm)

when s = 2. Given the results on the comparative statics on T we can then immediately
. 9P 9P oP
obtain v, 5= <0, and 55 s2=0? > 0.

For the case in which s? # 02, we can similarly use in (5) in the paper to obtain

A(L+7/p) (82)

_ 1
PZI(/\“}‘T—F\/T‘(/\-‘FT)) NI —A)(p+0)

As we have

0T ANe*—1—a(l+7)]—(—=1/9)(r+N)(e*=1) e*—1

= = = 83
0s? 2As21 X e*—1—a (83)
where a = i,y = i/ i, when evaluated at s* = 02, we can obtain
oP 0T M 1— /i
or _or I ey U0 (84)
0s2  0s?2(r+AN)(u+n) 2 uo?
from which we can obtain, using (27) in the paper
oP
Sign {@} = Sign{e* — 1 —a — a’}. (85)

As we have that a is increasing in A/r and e*—1—a—a? < 0for A\ =0and e"—1—a—a* > 0

14



for \/r — oo, we then have that 8 52 < 0 for \/r sufficiently small, and BPQ > 0 for \/r

sufficiently large.

To obtain the equivalent to (31) in the paper, the equation h(Z, z¢) = 0, for when s? # o2,
we can use (5) in the paper in (30) in the paper to yield

- . A, 1-A 1-X
1+GZL’ +~XG17 — = |7 =
(0) 2 [ (0) T]X—l—AX ix

—(Z+1/p)| =0. (86)

As in the case of s = 02, when s? # 02 we can obtain z** by h(z**, z**) = 0.

For xy € [x*, 2], we can just use the derivation in Proposition 1 as the purchase threshold
is fixed at zy, and we can just compute the effect of )\, 7, s?> and o2, under the constraint
of s> = o2, by just total differentiating (5) in the paper with respect to P and each of the
variables under interest. We can then obtain that the optimal price is decreasing in A, r, and

0%, under the constraint of s> = o2, and increasing in s%.

Consider now the case of xy > x**. Consider first the effect of A\. We can obtain that the
derivative of the right hand side of (31) in the paper, using also that expression, has the sign
equal to the sign of 1 — /2 — Cy/2 where

o=/ (i), )

ea (1_6‘1 )+ 1+%
o, = <2 ! . (88)
S =141+ 2

er—1

We can then obtain that C,Cs > 1, so that this derivative is negative, which implies that =
is decreasing in A given that the left hand side of (31) in the paper is decreasing in . From

(6) in the paper we can then obtain that P is also decreasing in A given Proposition 1.

Consider now the effect of r. The derivative of the left hand side of (31) in the paper

with respect to r can be obtained to be

ae® a A A
1 er— 1 T oea— T ]' + r )\ 1
15| )7 + <1+;) (2o — T) (89)

2r et 14 /142 V2rs?

e?r—1

DU WRVA
__+_ —
7"2 27’2 /1+%_1

which can be either negative or positive. For example, it can be negative for zo = x** and

A large; it can be positive for A small and zy large. Then, T can either increase or decrease

15



with an increase in r.

Consider now the effect of o2, under the constraint s> = ¢2. The sign of the derivative of

the left hand side of (31) in the paper can be obtained to be the same as the sign of

ae”

a I - _
b (1— ea—1> PT=20) 1 9% (0 — T)

1+2
V1+2-1

which can be either positive or negative. For example, it can be positive if zq is sufficiently

(90)

large; and it can be negative if zo = z**

Finally, consider the effect of s? on T while keeping o2 fixed for zy > 2**. The sign of the

derivative of the left hand side of with respect to s? can be obtained to be the same as

the sign of
(R (i ) -0y )
| RONEIG PR LED (s L2

when evaluated at s> = 02, which can be either positive or negative depending on the values

of zg and \.

DERIVATION OF THE ANALYSIS RELATED TO PROPOSITION 5 WHEN s? # o2

The optimal price is determined by , and the discounted number of purchases is given
by (23) in the paper. Then, the firm’s expected profit II(xo) = PG(xo) is
D X-1-AX

II(xg) = — = pilzo=T) 92
(o) uA+mX 1-A 62

where

r+A
g _82/02—1 V%

s?/o? +1 N

r+/\(r+)\ 2/0. )( %)
D V . (93)
(14 /s2/0?) ("2 = 1) + (1 = s2/0?) (1 + /22
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Given the analysis in the main text, we know that for s* close to o2 that the firm’s

expected profit increases in \.

What happens at the limit of A — co? From 1' we get that T — /% — % as A — oo.
Then from || we get P — l% as A — 0o. Thus at the limit, the expected profit becomes

euIO _2"1‘#//7’

o) = ru(l+ /s2/02)

I (z (94)

SKETCH OF THE PROOF THAT EXPECTED TIME UNTIL THE NEXT PURCHASE IS INFIN-
ITY: This is related to the Gambler’s Ruin problem. Consider a discrete random walk in
the set of natural numbers, going up +1 or —1 with equal probability. What is the expected
time to reach zero given that the process starts at 1? Let T(n) be the expected time for the
process to reach zero when starting at n. We have

+ =T(2). (95)

DO | —
N | —

Given spatial homogeneity, we know that expected time to go to 1 starting from 2 is T(1),
and therefore T(2) = 27T'(1). Substituting in we obtain T'(1) = 1 + T'(1) which is only
true for T(1) = oo.

In the continuous case considered here, let T'(x) be the expected time until the first
purchase for # < Z. If T(z) is bounded we can obtain T(z) = dt + ET(z + dz) which leads
to the second order differential equation T”(:v) = —2/02. This then leads to lim,_, ., T(z) =

—00, which is not possible. Then, T(x) is not bounded for » < 7.

DERIVATION OF CASE WITH RETURNS AT THE PURCHASE PRICE P: When returns are
always possible at the purchase price P, then the consumer’s purchase threshold and return
threshold are the same. The consumer buys the product if the expected current valuation z
reaches 7, and returns the product when = dips below . Use the value function for x < =
from (x), W (x), the value function for x > 7 from (xi), V' (z), and the boundary conditions
W(z) =V(z)— P and W(x) = V'(z), we get

1 TP 1 _
W (x) = - S 96
(@) 1+uﬂ¢( o )e ‘ (56)
1 T—AP 1 _
Viz)= —— [ — — P etTen 97
(@) 1+uﬂt( r +ur+ )e ‘ &7
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From which we see that W (x) and V(z) are maximized at T = (r + \)P + 1/u — 1/p.

2 we can obtain

To derive the optimal price and product duration for the case of s> = o
the present value of profits when the consumer does not own the product as I1(z) as follows.
For x < we have

(z) = e " "ETl(z + dz), (98)

which leads to II(z) = Fiet*, given that lim, , . II(z) = 0, where F} is a constant to be

determined.

For x > T we have the present value of value of profits going forward when the consumer
owns the product as

(z) = PAdt + e " " ETl(z + dx), (99)

which leads to 7(x) = Fhe "2+ \P/r, given that lim,_,, I1(z) = AP/r, where F} is a constant
to be determined. The value matching and smooth pasting conditions, II(Z) + P = II(Z)
and IT'(z) = II'(Z), leads to

H —pu(r+\)P
Fo= —P(\/r — 1) HrN 100
= o poe (100

N M ma(r+A) P
F, = ———P(\/r—1)e : (101)
o+
: _ B _ [z—(r+A)P] : - 1

We can then obtain II(x) = MWP()\/r 1)e* , from which we can obtain P = pCsy

and that an infinitely small product duration is optimal. At the limit, the problem converges

to the case without product returns, as an infinitely short duration makes return irrelevant.

DERIVATION OF DYNAMIC PRICING:

Let us look for two prices, an initial price before the first purchase, Py, and subsequent
price after the first purchase, . We denote the threshold for the first purchase with F; as
Ty, and denote the threshold for the subsequent purchases with P; as ;. We consider the

case with s2 = 0?2 so that Tp > 0 and 7; > 0.

There are two possibilities at time 0. If the consumer does not buy at time 0, then we
must have Ty > xg. If the consumer buys at time 0, then 7, < xy. However, if Ty < x,
then we must still have Ty < x( for a marginal increase in Fy, which strictly increases the
firm’s profit as the consumer immediately buys under a slightly higher initial price, with the
same expected profit after the initial purchase. Thus under optimal pricing, we must have

Ty = Xg-
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From equation (6), we can write the subsequent price, P;, as a function of Z;:

Ty +e P —1
P =—=
u(r + A)

(102)

After the first purchase, the value functions presented in the paper continue to hold. So,
we can focus the value function under dynamic pricing for the consumer before the first
purchase, W(x)

The Bellman equation for W(x) is

W(z) = e "EW (z + dx), (103)

which leads to the solution,

—~

W(z) = Aje. (104)

Consider the problem of the firm. Because under optimal pricing we must have Ty > xg,
the expected profit for the firm at time 0, using the expected time until next purchase, 0(zo),

can be written as

max e HT=%0) [Py 1 PLG(T)]. (105)
Po,P

We already have P; as a function of z;. We can express Py and G (ZTo) as functions of Ty and

T1, then have firm maximize over Ty and Zi:

max e *P0=20) [Py 4+ PIG(T)]. (106)

To>w0,T1

Case 1: 7o > 73

Now we solve for P, as a function of 7y and 7;. The value matching and smooth pasting

conditions at x, are

W(zo) = V(zo) — P (107)
Wi'(@) = V(). (108)

These conditions can be written as

- Ty — AP
Ao = Ayeimo WO p (109)
T
- i1
Apermo = B e=imo  © (110)
I ri



from which we can obtain

T AP 1
Py = 2Age o0 0T AT 0 (111)
T Ty

Note also that we can obtain Ay as a function of T; using (xx), and (xiv).

For Ty > 74, from (Ixx) we have

~ A
G(fo) = 0467%%0 + — (112)
r
where Cj is a function of Z; using (Ixv), (Ixxi), and (Ixxii).
Case 2: Top < T

Now we solve for Fy as a function of 7y and 7;. The value matching and smooth pasting

conditions at Ty are

—~ ~

W(@o) = V(zo)—Fo (113)
W'(z,) = V'(To). (114)

These conditions can be written as

i)

Ajel™ = AgefTo 4 Aye im0 Ajet™ — P 115
e 30+ Age T+ o+ Age 0 (115)
T D :

Aef0 = = Aqetto — — Ajem M0 + Aqet*o 116
! poo pot pr+r) (116)
from which we can obtain
Py=(1— E)Ageﬁo +(1+ E)A4e**ﬁ0 + o= 1n (117)
! I r+ A

where Az and A, are functions of Z; using (xx), (xxi), and (xxii).

For Ty < Ty, from (Ixx) we have
é(fo) = 056‘{‘?0 + C’le@“ (118)

where C} and Cs are functions of Z; using (Ixv), (Ixxi), and (Ixxii).
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For the constants, we have

s = pA+r)/r

__P1_|__

Cy, = X —

4 1 ey

o OHERCK N

1 = L

(1= p/B) Xy

1 (Cy A ==

05 - T(T4—|———01X1)
Xi\Xy r

ho— (i)
X;\2 r 2

1
2ru

[ — T, — AP
A, = Xl(A1X1—¥+P1)

1
2h(r + \)

1
A3 - T(P—
Xy

where X = ef®', X; = eM®1 and X, = el?1,

Ay T

Z_T+)‘
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